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Effects of Resonant Tesseral Gravity Coefficients
on Viking-Type Orbits
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A special perturbation technique has been develop'ed for the long-period and secular motion of a Viking-type
orbiter. The technique uses a method of singly averaging the perturbations over the mean anomaly to determine
changes in orbital elements due to atmospheric drag, solar radiation pressure, solar gravity, and the asymmetrical
Mars gravitational field. The technique has been specialized to treat resonant tesseral gravity effects resulting
from the commensirability of the satellite orbit period with the rotational period of the primary. Results are
presented which indicate that orbiter lifetimes can be significantly reduced by resonant tesserals for orbits near
the critical inclination. Conversely, it is shown that lifetimes can be extended via capture in resonant orbits which

are stable against small drag forces.

Introduction

HE long-term motion of artificial satellites has been dis-

cussed extensively in the literature. In the particular case
where . the satellite mean motion is commensurable with the
rotation rate of the primary, the satellite is subject to resonance
effects arising from the longitude-dependent terms of the gravity
potential. These resonance effects have also received extensive
treatment in the literaturé. For example, Wagner!? discusses the
utilization of such motion for geopotential recovery. The utility
of such motion results from an accumulation of gravitational
perturbations due to the repeated trace of the satellite orbit
on the rotating primary. These perturbations are due to certain
longitude-dependent potential terms, usually referred to as
“resonant tesseral harmonics.” It is these terms which are most
efficiently determined from resonant orbits. A detailed analytical
tréatment of the perturbations on low-eccentricity, resonant-
satellite orbits with arbitrary inclinations is given by Allan.?
Allan also treats the case of resonant-satellite orbits with
arbitrary eccentricity at critical inclination.* This case can be
treated analytically because of the near zero rate for the argument
of periapsis motion. In Ref. 5 a method of analyzing resohant
effects in terms of the so-called stroboscopic mean node is
described and the method is applied to a wide spectrum of
orbits. Numerous other investigations of resonant-satellite
motion are reported in the literature.®”® However, none of
these is directly applicable to the case of resonant, inclined,
and highly elliptical orbits about a planet such as Mars, in the
presence of atmospheric drag, solar radiation pressure, -solar
gravitational perturbations, and asymmetrical gravitational
fields. The purpose of this paper is to describe a method for
predicting the long-term motion of a spacecraft in such an
orbit and to present some of the preliminary results of an
application to the Viking Project.
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The Viking Project calls for two orbiting spacecraft to conduct
scientific surveillance of the planet Mars in conjunction with
two landed spacecraft.® The two orbiting spacecraft will have
orbital periods nearly commensurate with the Mars rotational
period and will be in inclined and highly elliptical (¢ > 0.7)
orbits. The ephemerides of these two spacecraft will be deter-
mined in real time through the use of radio Doppler tracking
data in conjunction with orbit determination and prediction
techniques. Generally, the orbit prediction technique treats all
possible terms (short periodic, long periodic, and secular) in the
satellite theory. However, for long-term orbit prediction and
lifetime studies only the lorig-period and secular terms in the
satellite theory are considered. Normally, such a method operates
much faster on the computer and affords considerable savings
i computer time and money. This method also lenids itself to
more efficient determination of certain gravitational coefficients.

A special perturbation technique for the long-period and
secular motion of a Mars orbiter has been developed.'® The
technique uses a method of singly averaging the perturbations
over the mean anomaly to determine changes in orbital elements
due to atmospheric drag, solar radiation pressure, solar gravity,
and the asymmetrical Mars gravitational field. The method is
similar to that reported in Ref. 11 for Earth orbits as far as
the treatment of the tesseral harmonics and solar perturbations
is concerned. In addition, however, the effects of solar radiation
pressure and drag based on a time-varying exponential atmos-
phere are included. This is a requirement since the atmospheric
density of Mars varies by at least two orders of magnitude
between maximum and minimum solar activity.

Equations of Motion

The equations of motion of the orbiter are the Lagrange
Planetary Equations with appropriate additions to the right-
hand side to account for atmospheric drag and solar radiation
pressure. These equations may be written in matrix form in
terms of the Keplerian orbital elements as

C = ®DR+GF 1)
where
C"=[aeiQ o M]
DT = [(0/0a)(0/0e)(8/0i)(0/0)(8/0w)(0/0M)]
® = “Poisson Matrix” = ®(a, ¢, i, Q, v, M)
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Table 1 Elements of ® and G matrix

®,, =[2/na]; @,5=-[01 —e?)?/na’e]; @,4 = [(1—e?)/na’e];
®,, = —[esci/na®(1—e?)"?]; ®,5 = [coti/na®(1—e?)"?];
@, = [1/na*(1—e*)"*sin i] (I)52 = [(1—e%)"*/na’e];
@y, = [—coti/na’(1—e*)'*];
61 —[Z/na] o, = —[( l—ez)/na e].
11 = [2esin f/n(1—e3)"?]; G, = [2a(1— eV /nr];
G, =[( —e?)"2sin final;

QB

G,, = [({1—€*}'"*/na’e)(a*{1—e*} /r—1)];

G5 = [reosw/na®(1—e*)'/?];

G,3 = [rsinw/na®(1—e?)"?sini]; G5, = —[(1—e®Y2cos f/nae];
Gy, = [{(1—e)"?sin f/nae} {1 +r/a(l—e?)}];

G,; = —[rsinwcoti/na*(1—e*)'*];

Ggy = —[(ua)~V*{2r—a(l —e%cos f/e}];

Goy = —[(ua)”Y*{r+a(1—e?} sin f/e].

G = Matrix stemming from Gaussian form of planetary equations
R =Rgz +Rg = Marsand solar gravity potential

F = Vector of atmospheric drag and solar radiation pressure
forces

The superscript T denotes the matrix transpose and the dot
(C) indicates a derivative with respect to time. The Keplerian
elements, q, e, i, Q, w, and M are, respectively, the semimajor
axis, eccentricity, inclination, longitude of the node, argument
of periapsis, and mean anomaly of the orbit. The nonzero
elements of the ® and G matrices are given in Table 1.

The components of the vector F are mutually orthogonal
and consist of forces due to the atmospheric drag and solar
radiation pressure. The drag model is that given by Fitzpatrick!?
and assumes a neutral spherically symmetric and rotating
(constant angular rate) atmosphere. The solar radiation pressure
model is the same as that given by Shapiro in Ref. 13.

The disturbing function R is composed of the Mars gravity
potential, R3 , and the solar gravity potential, Rg. The
functions R 3 and Rg, are given by Kaula in Refs. 6 and 14,
respectively.

A detailed discussion of the equations of motion and their
solution as used in this paper is given in Ref. 10. However, it
should be noted that Egs. (1) are given in terms of osculating
orbital elements and the usual approach is to average the right-
hand side to obtain the long-period and secular motion.

In general, the averaging of Egs. (1) is straightforward;
however, for Viking-type orbits, that portion of the disturbing
function due to the Mars gravity potential must receive special
attention because of resonance. First, consider Eqgs. (1) in the
symbolic averaged form

- f [®DR+GF]dM

1 2n 2n
= ®DRg ]dM + — ®DR, jaM
ZnL [®DR3 ] 2nJo [®DRg]dM + &)

1 2r 1 2n
— GF,]dM + —
o J‘o [GFp] + o JL) [GFg]dM

where Fj, and F, respectively, are the forces due to atmos-
pheric drag and solar radiation pressure, and barred quantities
refer to averaged values.

Kaula'“ has derived the disturbing function of the sun, R,
as that due to a point mass acting on a satellite in terms of
the planet-centered elements of the sun and the satellite. The
general form of the solar disturbing function after averaging is

RQ—mQZ Z Z Z Z R(wQalews,Q agi,e, M)

n=2m=0p=0h=0 j=—- o nmphgj
where the subscript s denotes the Mars-centered sun elements
and mg, is the mass of the sun. For practical applications, the
summations over n and j may be restricted to a few terms.
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The solar radiation pressure model assumes a spherical space-
craft impacted by parallel solar rays. Shadow effects are
incorporated in the model. The effects of the solar radiation
pressure on the orbiter are calculated by first averaging
analytically the effect over one orbital period. A pro-rated
increment, based on the integration step-size used for integrating
Lagrange’s equations, is then added to the elements after each
step in the integration procedure.

The atmospheric drag model employed is the one presented
by Fitzpatrick in Ref. 12. The atmosphere is assumed to be
spherically symmetrical and rotating with a constant rate.
Furthermore, the atmospheric density can be treated as either a
time-varying or constant exponential. The averaging of the
atmospheric drag term is accomplished numerically over one
orbital period using a Gaussian quadrature scheme. A pro-rated
increment is then added to the elements after each integration
step. The averaging is done numerically rather than analytically
because of the assumed rotation of the atmosphere.

For convenience of use, Kaula® has transformed the gravity
potential of any primary expressed in terms of spherical co-
ordinates into a form which is a function of orbital elements.
This is the form of Rg as used in this paper and is repeated
here as

o] 1 1 ©
I
Rs ? * Z Z Z Z levq
1=2m=0p=0g=—
where for a given [, m, p, and ¢
Ha e
lew; 1+1 F(i) Gle) Szmpq
imp Ipg
with
I-m I—m
Clm even Slm even .
Simpg = [_Slml_mcos  — [sz],_msm L
odd odd
and
¥ upg = [([— 2D} +(1— 2p+ M + m(Q—©)]

The terms C,,, and S,,, are the coefficients in the expansion of
the potential in terms of spherical harmonics where | and m
are, respectively, the degree and order of the associated Legendre
polynomials. The mean radius of Mars is denoted by a, and p
is the product of the universal gravitational constant and the
mass of Mars. The F and G functions are given in detail in
Ref. 6, and p and q are indices of summations. The angle @
is defined by the equation

0 =0,+0t

where © is the rotational rate of the primary (Mars) and r is
time.

Usually the averaging of R 3¢ is accomplished by integration
of the function over the mean anomaly and division by 2.

_ 1 2n

Ry o L Rg dM
It is normally assumed that all orbital elements are constant
over the interval of integration. The equivalent of this averaging
is obtained by setting I-2p+4g =0 in Rg . However, for this
case the averaging process is not straightforward because of
the existence of two fast variables, M and ®, in Rz . For
Viking-type orbits, M ~ ®, and the existence of both M and
@ in the potential function requires that the function be doubly
averaged. This not only produces mathematical problems in
forming the averages but also noticeable long-period perturba-
tions in the orbital elements due to certain tesseral gravity
coefficients, which in this case are no longer short periodic
terms. This phenomena is referred to as tesseral resonance and
occurs when the period of the satellite orbit is commensurate
with the rotational period of the primary.

An integration of R ¢ cannot be made independently over

first M and then ® since a constraint of the form M~ ©
exists over the integration interval where M is the mean motion
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defined by (u/a®)'/?. To avoid the double averaging problem, a
new variable® is introduced as

A = (Q—O)+ k(M +w)
and is used to eliminate ® from the potential function so that
Rz =Rz (aei Qo M}/

x is chosen so that 2 is a slowly-varying angle variable and is
defined as
K= {r/s)+A

where r and s are relatively prime integers and 0 < A < L.
For A =0, exact resonance exists. For Viking-type orbits,
r/s ~ 1. The potential, R 3 , is now a function of only one fast
variable, M, and hence averaging can proceed in the usual
manner.

The new variable changes the form of the arguments of the
trigonometric functions in R 3 and consequently the form of the
partial derivatives used on the right-hand side of Eqs. (2). The
argument now becomes

W pg = [MA+(1—2p—xm)+ (- 2p+q—xmM]
With this new form of the argument, R 3 can be considered
as the sum of three separate terms.

Ry =Ry +Rg

1-2p+qg+0

1-2p+g=0

= RW 4+ R® 4 Rlary

all remaining terms

+ Ry

If Rg is averaged over the mean anomaly, the following
expressions are obtained :

R 3 = RM 4 R 4 Roary

and
R =0
2] ! l
Z Z e FlOp Glp(lp SlO(Zp*l)
1 x l 1 o« l .
R(art) = 2— Z Z Z Z + lmp lpq:k Slmpq*

1=2m=0p=0 qg= —

where

R 1 [ M = 2n
ST
[-2p+q—xm| " |, _o

and §' indicates the integrated form of S,, . The asterisk here
indicates that all terms with m =0 are to be omitted. The
denominator of S may be written as

6 =1-2p+qg—(r/sym—mA
When [—2p+q = (r/s)m;, and A =0, as in the case for exact
resonance, a zero denominator appears in the expression for
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Fig. 1 Mars atmospheric density (kg/km®) variation with time at
constant altitudes.
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R@, Theoretically, a finite limit of this function exists, but
numerically, the small divisors may present problems. The
gravity coefficients characterized by

[=2p+q=(r/s)m

are called the “resonant tesserals” and it is these terms which
“resonate” with the particular orbit and produce significant long-
period effects. For orbits having the same period as the rotation
of the primary, r/s = 1, and all tesseral coefficients are resonant.

In order to avoid the numerical difficulty that arises from
small divisors, a resonant averaged disturbing function can be
constructed by further defining

t) —

R@Y =R m#*0 +R m#0 +R m# 0
m(r/s)= integer m(r/s)=integer m(r/s)# integer
1=2p+g#*mir/s) mirjs)=1~2p+gq

and
R(art) — R(3)+R(4)+R(5)
where
RV =0

1 I
Z Z: Flmp Glm Slmm'

m

=0p

0 1 1 o ,ua N

R® = M l; mgo p;o q:Z a’“ Gipgx Simpas
| M =27

= ol Sim

[I=2p+g—(r/sim] [ ,,qL -0
and where the asterisk indicates that terms already included in
R® and R™ are to be omitted from the summation and
y=[2p—1+(r/s)m].

For resonant orbits, the terms in R produce periodic¢ per-
turbations with periods much smaller than those due to R®.
Thus R® has been omitted and the averaged disturbing function
is given as

R3 =R@4+R®
This is the function that has been substituted on the right-hand
side of Lagrange’s equation to obtain the Jong-period and
secular rates of the orbital elements. These rates are then
integrated numerically to obtain the long-term motion of the
orbiter.

Application to a Viking-Type Orbiter

The equations of motion have been programed for the
CDC-6600 digital computer. The program has been utilized to
obtain the long-term motion of a synchronous Mars orbiter
of the type planned in the Viking Project. Particular attention
has been given to orbital lifetimes since Viking planetary
quarantine (PQ) restrictions require a 42-yr orbiter lifetime. In
particular, the effects of the resonant tesseral gravity coefficients,
C,, and S, , in addition to C,, have been studied. These
coefficients are expected to be the dominant ones, and at this
time are the only ones for which we have reliable values.!®
The basic approach has been to model the dynamics using
solar radiation pressure, atmospheric drag, solar gravitational
perturbations, and the Mars gravitational field.

The time-varying atmospheric density profile used in the drag
model is shown in Fig. 1 for several different altitudes. At the
fower altitudes, the density variation from a solar maximum
to a solar minimum is about two orders of magnitude and at
the higher altitude is about four orders of magnitude. The
effective cross sectional area used for both drag and solar
radiation pressure was 19.4 m?.

The characteristics of the nominal orbit used in this analysis
are given in Table 2. The angles are referenced to the Mars
equator and equinox for the epoch date shown. The large values
of semimajor axis, eccentricity, and inclination, and the syn-
chronous orbit period are typical of those being considered for
the Viking orbiter. The values used for the gravity coefficients
are also given in Table 2.
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Table 2 Nominal orbit parameters and gravity coefficients

Orbit parameters Gravity coefficient

a = 20427.71 km

e = 0.7604528
i =450° Coo=—197x1073
Q =8877°
w = 57.64° C,p=—5%x107°
h, = 1500 km §,,=3x10"°

period = 24.623 hr
Epoch date = 2443056.0 JD

Perhaps the most interesting motion encountered in these
preliminary analyses was that of synchronous orbital capture
in the presence of atmospheric drag. It was found that a Viking-
type orbiter, with a small atmospheric drag acting on it, could
remain in a synchronous or near-synchronous orbit for long
periods of time, and that the period of the orbit oscillated
about the synchronous values. This behavior is due to orbiter
resonance with the tesseral harmonics. The orbiter gains enough
energy each revolution to counteract the energy loss due to
drag. The possibility of such a motion was predicted by
R. R. Allan in Ref 3 for low-eccentricity orbits. An example
of this resonance-type of motion is given in Fig. 2 where the
time history of the orbital elements and the periapsis altitude

" for the nominal orbit are shown for a period of 2000 days.
The element variations are given with and without the use of
C,,and S, ,. Without the tesserals, the semimajor axis decays
slowly due to drag as might be expected. However, with the
tesserals included, the orbiter remains in a synchronous resonant
orbit, that is, the semimajor axis and the orbital period oscillate
(period approximately 150 days) around the synchronous values
for the entire time span shown. This observation may not be
significant for satellites at this altitude since the lifetime would
be very long even in the absence of resonance, but it does
suggest the possibility of extended lifetimes via resonant capture
orbits at lower altitudes where drag effects are much larger.

Variations of this phenomena were encountered at the lower
periapsis altitudes. An example of this phenomena is given in
Fig. 3 where the time history of the nominal orbit elements is
given for an initial value of periapsis altitude of 700 km. Here
the orbit remained nearly synchronous for about 1100 days and
then decayed rapidly due to the increasing dominance of the
drag forces. The onset of rapid decay corresponds nearly to the
point of maximum density shown in Fig. 1. The important
point is that even though the drag was dominant in the end,
the resonant tesserals preserved the synchronous conditions over
an extended period of time. This again suggests the possibility of
extended lifetimes via resonant capture orbits.
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Fig. 2 Variation of orbital elements with time for initial periapsis

altitude of 1500 km. (With and without C, , and §, ,).
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Fig. 3 Variation of orbital elements with time for initial periapsis
altitude of 700 km. (With and without C, , and S, ,).

Some preliminary investigations suggested the possibility that
the capture phenomena might be a strong function of the
inclination. To investigate this further, the inclination was varied
between 5° and 90° with initial periapsis altitudes of 700 and
1500 km. Some representative results of this variation are shown
in Figs. 4-6 where the time variation of the semimajor axis,
eccentricity, and periapsis altitude is given for an initial periapsis
altitude of 700 km. Notice in Fig. 4 that as the inclination
increases from the lower values to a point near the critical
value (63.4°) the onset of orbit decay occurs much earlier.
After passage through critical inclination, the resonant capture
phenomena is again extended to longer time periods. Thus,
tesseral resonant effects can significantly change orbital lifetimes,
and maximum decay and minimum capture time due to these
tesserals occur near the critical inclination. For initial periapsis
altitude of 1500 km, the orbiter remained in resonance for all
values of inclination investigated.

It is evident from Figs. 2-7 that under certain conditions
C,,and S, , produce significant periodic and secular variations
in the orbit eccentricity and semimajor axis and consequently
in the periapsis altitude. It is also evident from Figs. 6 and 7
that the effects of resonant tesserals on the periapsis altitude are
strongly dependent on the inclination and that the maximum
effects occur in the vicinity of the critical inclination. For example,
in Fig. 7 at an inclination of 65° the periapsis altitude after
2000 days is 250 km lower than that calculated without C, ,
and S, ,. Also, the difference between the two curves appears
to be increasing secularly in a direction of lower periapsis
altitudes indicating that in the long run the satellite lifetime

SEMIMAJOR AXIS, km — Wi

 Wihour | 220,

SEMIMAJOR AXIS, km
21000~ P

19000

17000
15000
20700
=~
- ~,
20100» \\\ i=75°
195001 AN
N
— \,
18900 N
— \\
T O S I B | L1 18300
400 800 1200 1600 2000 0 400 800 1200 1600 2000
TIME, days TIME, days

Fig. 4 Variation of semimajor axis with time at inclinations of 45°,
60°, 65°, and 75° for initial periapsis altitude of 700 km. (With and
without C, , and S, ,).
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Fig. 5 Variation of eccentricity with time at inclinations of 45°, 60°,
65°, and 75° for initial periapsis altitude of 700 km. (With and without
C,,and§,)).

may be in jeopardy. For inclinations sufficiently different
(approximately 10°) from the critical value, the dispersion in
periapsis altitude due to the tesseral harmonics is not nearly so
large. Similar results were noted at the lower initial periapsis
altitude. The point to be made here is that tesseral coefficients
can cause significant changes in periapsis altitudes; especially
in the vicinity of critical inclination, and from the standpoint
of PQ restrictions, orbits requiring inclinations near the critical
value should receive careful analysis. In fact, the results obtained
so far indicate that, for the nominal orbit at critical inclination,
the minimum allowable initial periapsis altitude for a 42-yr life-
time is about 1700 km.

Allan® has shown that very low eccentricity resonant orbits
undergo a secular decrease in orbit inclination. Similar results
were noted in this analysis for orbits with high eccentricity
(Fig. 3). This eflect seems to be most prevalent at the higher
inclinations and lower periapsis altitudes.

The resonant tesseral effects on orbital lifetime were also found
to be very dependent upon the argument of periapsis, w. In
order to examine this effect, the argument of periapsis was
varied between 0° and 180°. An inclination of 65° was chosen
since orbit lifetime perturbations were largest in the vicinity of
critical inclination. In each case it was found that inclusion of
C,,and S, , in the Mars potential resulted in an oscillation
of the semimajor axis about the synchronous orbit value with a
maximum amplitude of about 10 km. Without these two co-
efficients, the semimajor axis decayed slowly as expected, with the
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Fig. 6 Variation of periapsis altitude with time at inclinations of 45°,
60°, 65°, and 75° for initial periapsis altitade of 700 km. (With and
without C, , and S, ,).
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Fig. 7 Variation of periapsis altitude with time at inclinations of 45°,
60°, 65°, and 75° for initial periapsis altitude of 1500 km. (With and
without C, , and S, ,).

maximum decay after 11 years being only about 50 km. The
variations in periapsis altitude for these conditions are shown
in Fig. 8 for a period of about 4200 days for five different values
of w. This time interval is equivalent to one solar cycle, and
thus allows the evolution of the orbit over one complete cycle
of the drag density curve. The variations are both periodic and
secular ; however, it appears that the major effect of the tesserals
isa change in the secular rates. The dependence of these variations
on the magnitude of the argument of periapsis is consistent
with the analysis presented by Gedeon'® for critically inclined
orbits. The importance of this effect is in the resulting orbital
lifetime variations. For example, for w equal to 90° there is a
difference of periapsis altitude of 800 km after about 4200 days.
It appears that this difference will continue to increase. Also,
note that after about 3000 days the periapsis altitude for w equal
to 135° with tesserals included begins to decrease very rapidly
so that after 4200 days it differs from that without the tesserals
by approximately 600 km. There have been some indications
that maximum periapsis decrease as a function of w is dependent
on the orbit inclination. However, it appears that the maximum
effect in terms of lifetime considerations is near critical inclination
with w equal to 90° or 135°.

Conclusions

A special perturbation technique has been developed to predict
the long-period and secular motion of a Viking-type orbiter.
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Fig.8 Variation of periapsis altitude with time at argument of periapsis
of 0°, 45°, 90°, 135°, 180° for initial periapsis altimde of 1500 km:
(With and without C, , and S, ;).
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The technique was specialized to treat resonant tesseral gravity
effects resulting from the commensurability of the satellite orbit
period with the rotational period of the primary. In addition,
the effects of solar radiation pressure, solar gravity, and atmos-
pheric drag were considered. The technique was applied to a
typical Viking-type orbit and it was found that this type of
orbit could be stable against small drag forces for an extended
period of time. The preliminary results indicate that orbit life-
times for orbits near the critical inclination can be significantly
reduced by the resonant tesseral gravity coefficients C, , and
S,.5- A secular decrease in the orbital inclination was noted
during stable resonance. It was found that resonant tesseral
effects on orbit lifetime are very dependent upon the argument
of periapsis. For near critical inclination orbits, the maximum
effect occurred for w equal to 90° and 135°.
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